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ABSTRACT

UPLAZ calculates the composition of an uranium plasma
as a function of plasma temperature and pressure. The plasma
is assumed to be in local thermodynamic equilibrium., Iso-
electronic ground state statistical weights are used as
uranium ion electronic partition functions. Corrections for
the lowering of atomic and ionic ionization potentials are
included, A maximum of twelve degrees of ionization can be
calculated, This limits the program to maximum temperatures
in the range of 90,000 °K to 150,000 °K, depending on the
pressure, The individual plasma species are computed in
terms of particle density, partial pressure, and percent of
total particles, |

The program is written in FORTRAN IV for the IBM 360/50,
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"PHYSICAL PROBLEM

In performing a nuclear analysis or radiative heat
'transfer analysis of the high temperature gaseous-core or
cavity reactor types, the plasma effects in the gaseous core
region become important at temperatures above a few thousand
degrees Kelvin, In order to account for these effects, it
is necessarv to determine the composition of an uranium

plasma as a function of plasma temperature and pressure,
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MATHEMATICAL FORMULATION

Basic Equations for Arbitrary Temperatures

An uranium plasma in local thermodynamic équilibrium

is characterized by the following set of equilibrium ion-

ization and recombination reactions. A maximum of twelve

degrees of ionization is considered.

where

->
v Tutre
t2 U++ + e

+ > 44
U+ « U + e

U

i+ 2 U(:i.+1)+ + (1)

U11+ pd U12+ + e

neutral uranium atom

c
i

U" =i - times ionized uranium ion
e = electron

The relation between the number of ions and electrons in

an equilibrium ionization-recombination reaction is described

by the following Saha equation.
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N, N

u.
itl e _ , ( 27 me k T)3/2 i+l e -

N, :
1 ul

where

E'/kT

= density of (i+l) - times ionized uranium

N, = density of i - times ionized uranium

N_ = density of electrons

m electron mass

k = Boltzmann's constant
h = Planck's constant
T

= plasma temperature

(2)

Uipy = partition function of (i+l) - times ionized uranium

u, = partition function of i - times ionized uranium

Ei = ionization votential for the reaction

i+ . U(i+1)+

U + e

Due to the electrical neutrality of the plasma, the

net charge is zero. This balance is expressed as

Total negative charge of electrons = Total pvositive charge of

ions

‘N = Yz, N
i=0 *

where

zi = charge of i-th uranium ion.

(3)

The temperature, pressure, and total particle density

are related by the equation of state for a perfect gas.

The
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total pressure is the sum of the partial pressures of the

individual species as given by

P =] Py
i
12
Npgp KT = z N,KT = N kT + ] N,kT
i =0 (4)
12
Npop = Ng *+ 1 Ny
i=0
where NTOT = total particle density.

The right side of the Saha equation (2) is dependent on

the temperature and is given by

u, E./kT
K, (T) = 2 (Zn Ma k T)3/2 i+l e - 1 (5)
i h2 u.
i

The i-th Saha equation is then written as

.
Ni+l he

N,
1

= K (T) ' (6)

Combining (3), (4), and (6) gives the complete set of equations

describing the plasma composition.

2 e Ky (7-1)
Ny
N.N

3 e K, (7-2)
N




N., .N
i+l e _ Ki (7-1)
Ny
N, ,N
2222k, (7-12)
N
12
13
N_ =] Z.N, : (7-13)
e i=1 11
13
Npgp = Ng + 1 Ny (7-14)
i=1

Note that each uranium index (i) has been increased by one, so
that within the formulation of the numerical expressions of the
program, the following definitions are used.

Nl = density of u° in particles/cc

N, = dénsity of Ut in particles/cc
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12+

N3 = density of U in particles/cc,

Since the electrons and various uranium species will have
numerical values in the approximate range of 0 - 1020
particles/cc, the set of equationé (7-1) through (7-14) is
scaled so that all particle density can be expressed as
dimensionless variables, Ci' where 0 < Ci < 1. Dividing

each term in (7-1) through (7-14) by Nepgp gives the following

set of scaled equations.,

c,.C
2 e_g* (8-1)
c 1l
1
Cc,C
3e_g " (8-2)
c 2 .
2
C. C
_itl"e _ Ki* (8=1)
¢
C,,C
137e = ’12* (8-12)
C

12




13
C, .-_-izlzici (8-13)
13
l=cC_+)C, (8-14)
e i-“-’l h 8
where
Ny
c; = -
TOT
N
Co= —
Noop
. K, '
Ry = = (9)
Npop

C
1 *
C, = -~ K
2 1
Ce
C=-—g-K =-——-l KK*= 1 K
3 c 2 c 1l 72 C 2 2
e e e
C C C
=__3_ * 1 % % % 1 .
e C C




In general,

C. C * C
_ i~ * l  *x % _ 1 ‘
c, = Kig = —=—K; K, .. .K_;=—=—K _; (10
Ce C i-1 c i-1
e e
where
P i *
R, =1 K, . (11)
j=17
From (8-~13) and (9),
RTOT T  T
c = 2.C, = Z . K, (12)
e (&L.7i7i e 74 . i-1 = C _ i-1
i=1 i=2 c i 1 li=2 ci 1l
e
From (8~14) and (9)
| 13 13
l1=C_ +)C, =C_+¢C, + ) C,
e ;2 1 e 1l oo 1
(13)
13 »
l=c +c (1+] i-l
i=2 c i-1
e
Soiving for C; from (10) and (1ll) and equating the results,
. - Ce _ l-Ce
oo 13 . |
Z Zi i-1 1+ z i~-1 (14)
i=2 C i-1 i=2 c i-1
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or
v C C -1
F(P,T, C_) = = + —= (15)
13 . 13 .
i-1 i-1
Loz = 1+ ]
i=2 C i-1 i=2 C i-1
e e
For a given temperature and pressure, F(P,T,Ce) = F(Ce) becomes

a polynomial function in Ce‘ Equation (16) is solved by an iter-

active method. The solution gives the electron fraction Ce.

C C -1
e + e = 0 (16)
13 K;_l 13 K;-l
I oz 1+ )
i=2 c i-1 i=2 , i-1
e e

The electron density is given by N, = CeNTOT'
!
From (12), C, = 5 - and Ny = CyNpgep,
Ki-1
1 %
i=2 i-1
Ce
Xy
From (7-~i), Ni+l = ;— Ne for i = 1, 2, ¢veees, 13, gives the
i

particles densities Nysy N3y eevesy Ny3. The particle densities
Ne' Nl’ Nop esecey Nl3’ then completely describe the uranium

plasma composition.
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Low Temperature Equations

For temperatures less than 10,000°K, the iterative
method for solving equation (14) does not readily converge,
Although uranium is not highly ionized at temperatures below
10,000°K, a knowledge of the low temperature uranium plasma
composition is necessary in order to describe initial or
startup conditions in a gaseous-core reactor. A different
mathematical formulation is used to calculate the plasma com-
éosition at low temperatures,

In the temperature range from 1000°K to 10,000°K, the
only species that are present in significant quantities are
Uo, U+, and e. A single reaction accounts for the equilibrium

ionization and recombination of these three species

)

°2Tut+e (17)

The corresponding Saha equation is

'U+ e, (211 m, k T) u(U+) . - Eo/k'l‘ (18)
u® n? u(u©)
The total particle density is
NTO;I‘—E-T-‘-=U°+U++e (19)
The charge neutrality is given by
vt = e (20)
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Using Nl = Uo, Ny = U+, Ne = e, and
21 m, k T 3/2 w*) E /KT
K= 2 ( ) e - ’
n? u(u®)
(18),

(19) and (20) are simplified as

NZNe
= K (21)
Ny
NTOT = Nl + N2 + N (22)
N2 = Ne (23)

Dividing each term in (21), (22) and (23) by N

TOT and combining
these equations gives

(24)
where'

c, =k (-1f J1+ %)
K

*

Since K > 0, /1 + 1 >1 and the positive radical must be
*
K
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used to give a positive value of the electron concentration,

The low temperature plasma composition is then given by

* 1
N, = Npon K (= 1+ 1+F) (25)
Ny = Npop = 2Ne (26)
N2 = Ne (27)

Uranium Partition Functions

The partition functions appearing in the general Saha
equation (2) are functions of the plasma temperature and the
electron configuration of the uranium atom or ion. The
electronic partition function of i - times ionized uranium is
given by

® . /KT
U, =9V g, . e v

: (28)
“X; 1/kT “Xi'z/kT

+ L 2R N B AN 1

gi,o + 9,1 €

where

gi'j = statistical weight of the j=-th term of

i = times ionized uranium

Xi,3 = exitation energy level of the j-th term
’

of i -~ times ionized uranium
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The ground state statistical weight for the i - times ionized

uranium is [6]

gi'o = (2Li,o + 1’(231,0 + 1) (29)
where
Si o = spin angular momentum of ground state ion
’
Li o = orbital angular momentum of ground state ion.
’

Since experimental data from which Li o
’

determined are not presently available, the iso-electronic

and S. could be
i,o

approximation is used to calculate the ground state statistical

weights.[7] For a particular uranium ion, the L, and S,
i,o i,o
values of the neutral item which has the same number of orbital
electrons as the uranium ion, are used to calculate 9 o
[4
When (a) the higher energy levels are widely separated,
or (b) the plasma temperature is low, or (c) the statistical
weights of higher levels are small, then the higher terms in the
series (26) are negligible, Under any of these conditions the

ground state statistical weight is a good approximation to the

partition function., For a uranium plasma, it is desirable to

operate at high temperatures. From rather extensive spectro-
scopic data [3], it is seen that the first energy level of u®
is less than 0,01 ev above the ground state and also that the
statistical weights do not become negligible. Thus it appears

that conditions (a), (b) and (c) are not satisfied and thus the

partition function should contain higher terms, Many of these
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terms can be evaluated from the data of Ref, 3, However, since
the energy levels and statistical weights of the excited states
are currently available only for Uo, this program uses the
ground state statistical weight as the partition function for
the uranium atom and all uranium ions. If higher terms were
used for the U° partition function while only the ground state
terms were used for the ions, the error would be greater than

the error incurred by the present approximation.

Lowering of Ionization Potentials

The uncorrecfed ionization potentials, as given in the
Appendix, represent the energy required for the ionization of an
isolated uranium atom or ion., At high pressures the plasma
density increases until the atoms and ions can no longer be
considered as isolated., The ionization reaction is then influ-
enced by plasma microfields associated with electrostatic
polarization (Debve effect) and interactions between neigh-
boring charged species (lattice effect). The total effect
is a lowering of the energy required for ionization of each
species, the effect increasing with increasing ion charge,
Corrections are made for this potential lowering by using

. . . . ££
an effective ionization opotential, E® ’

which is computed as

Ei = E, - AE, (30)

i+ (i+1)+

for the reaction U > U +e
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where

E;, = uncorrected ionization potential

BE; = lowering of ionization potential.

The amount of lowering is given by

13

(r/xn 2 i+ ]
i=

AE, = 2(Zi + 1) 93

2 1/2
i Ni)

2.
o i
where

2, = charge of i-~th ion
e = electrostatic charge of the electron
N_ = electron density

N, = i=-th ion density.

(31)
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PROGRAM DESCRIPTION

The calculation flow of UPLAZ is as follows:

1.
2,

6.
7.

input data is read in and printed out.

Total particle density and the exponential factors
T, = exp(-Ei/kT) are calculated.

Partition functions are determined and the functions
Ki(T) are calculated using (5),

The functions Ki*(T) and Ki'(T) are evaluated using
(9) and (11).

Equation-(16) is solved by iterating on the electron
fraction, Ce'

The particle density of each species is calculated.
The lowering of the ionization potential of each
species is determined from (31),

Steps 2 through 8 are repeated using the corrected

ionization potentials.
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INPUT AND OUTPUT DATA

The input data consists of one card containing the

pressure and temperature in 2E12.6 format as follows:

Columns 1-12 P (atmospheres)

Columns 13~24 T(°K).

Multiple cases can be run by consecutively stacking one data
éard pexr case,

The output data includes the total particle density,
maximum degree of ionization, lowering of ionization potentials
in ev, and the number density, partial pressure, and per cent

of Uo' U+’ U++’ e e e e U12+ and €,
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SAMPLE PROBLEM

The uranium plasma composition was calculated for a
pressure of 100 atmospheres and a temperature of 50,000°K.
The resulting printout is given on pages 20 and 21, The calculated
total pressure, total per cent, and per cent difference in
positive and negative charge indicate the computational

degree of accuracy.
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APPENDIX

The theoretical ionization potentials used by the program
are values which were calculated by J. T. Waber, D, Liberman,

and D, T. Cromer [1]. These values are as follows:

Ionization
Atom or Icn Potential (ev)
U 6.11
ut 11.46
vt 17.94
udt 31.14
ut* 46,03
vt 61.82
ubt 87.93
o7t 101.1
u* 115.0
u’* 128.9
gt 157.9
pll* 178.5

The ionization vpotentials are successive rather than cumulative,

9+

i,e., the ionization potential for U is the energy for the

reactién
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The iso-electronic ground state statistical weights used

by the program are as follows: [2]

Ground State

Atom or Ion Statistical Weight (gi,o)
U 85
ut 52
utt 21
udt 10
vt 1
vt 2
o+ 1
u’* 6
us* 9
u?* 4
UlO+ 9
Ull+ 6
U12+ 1



3.

4.

S

8.

24

REFERENCES

J., T. Waber, D. Liberman, and D, T. Cromer, "Ionization
Potentials of Uranium," NASA Bulletin to Distribution
List for Gaseous-Core Nuclear Rockets, June 30, 1966.

American Institute of Physics Handbook, 2nd edition,
McGraw-Hill Book Co., N, Y. 1963,

D. W. Steinhaus, J, Blaise and M., Diringer, "Present
Status of the Analysis of the Arc Spectrum of the
Analysis of the Arc Spectrum of Uranium (UI), "Los Alamos
Scientific Laboratory, LA-3475, UC-34, Physics TID-4500,
1966,

M. McChesney, "Debye-Hlickel Plasma Corrections," AIAA
Journal, Vol., 1, No. 7, 1963,

., Zimmermann, "Zusammensetzung, Thermodynamische
Zustandsfunktionen, Transmortgr8ssen und Strahlungs-
emission von Thermisch Ionisiertem Stickstoff im Gleich-
gewicht,” Umpublished Diplomarbeit, Institut fir
Hochtemperaturforschung der Technischen Hochschule Stutt-
gart, 1961. o

G. Herzberg, Molecular Spectra and Molecular Structure,
vol, 2, Infrared and Raman Spectra of Polyatomic
Molecules, D. Van Nostrand Co., Inc., New York, 1945,

Handbook of Phvsics, E. U. Condon and H, Ndishaw, editors.
McGraw-Hill Book Co., New York, 1958,

H, W. Drawin and P, Felenbok, Data for Plasmas in Local
Thermodynamic Equilibrium, Gauthier-Villars, Paris, 1965,



ACKNOWLEDGEMENT

I thank H, E. Wilhelm for proposing the subject
and his help in setting up the equations,




